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Abstract—During pendulum analysis, the approximation for small angles is
usually performed as a simple harmonic motion. However, for large angles this
approximation is not convenient so exact solutions are proposed by different
methods. This paper presents the comparison of two solutions for the displacement of the pendulum in the domain of time and frequency, the solution by Jacobi elliptic function and the solution by the numerical method Dormand-Prince
with the results of measurements obtained by means of a physical prototype designed for the teaching of physics. We consider that this comparative study allows a better understanding of the phenomenon of the non-linear pendulum in
the students of undergraduate careers in the physics of waves as well as a previous training for the course of analysis of signals being in good exercise of
teaching.
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1

Introduction

Technology-enhanced Learning (TEL), which is based on the advance of information and communication technologies, allows students to acquire a deeper
knowledge of the phenomena and concepts studied. On the other hand, it is also clear
that new generations feel very comfortable with intelligent mobile devices and it is
undeniable that these technologies have permeated the classroom because a technology-enhanced environment offers students the opportunity to design and implement
experiments, explore the relationships between variables and thus learn scientific
concepts [1,2].
The teaching of physical phenomena has been strongly permeated by technologies,
from laboratory instrumentation systems, remote access to physical laboratories, virtual environments for experimentation and intelligent mobile devices [3–6] which has
allowed an important advance in the didactics of learning [7].
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One of the non-linear systems widely studied in both introductory and advanced
mechanical physics courses is the simple pendulum [8–15]. The differential equation
that models the simple undamped pendulum is given by (1):
𝑑2𝜃
𝑑𝑡 2

+ 𝜔02 𝑠𝑖𝑛𝜃 = 0
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Different types of solutions to the equation (1) have been defined. In [16] it is proposed that the angular displacement 𝜃 of a mass 𝜇 oscillating in a vertical plane supported by a massless string of length 𝑙 described by the non-linear differential equation (1), has a solution through Jacobian Amplitude Function 𝑎𝑚(𝑥, 𝑚) as (2):
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, and 𝐸0 is the total mechanical energy, which is constant for the

system.
In [11,17] it is argued that the solution for (1) is given by (3) in the following way:
𝜃(𝑡) = 2𝑎𝑟𝑐𝑠𝑖𝑛 {𝑠𝑖𝑛

𝜃0
2

𝑠𝑛 [𝐾 (sin2

𝜃0
2

) − 𝜔0 𝑡; sin2

𝜃0
2

]}

(3)

with 𝜃0 that is the initial amplitude and 𝐾 is the complete elliptical integral of the
first kind defined as:
1

𝐾(𝑚) = ∫0

𝑑𝑧
√(1 − 𝑧 2 )(1 − 𝑚𝑧 2 )

(4)

In (3) 𝑠𝑛(𝑢; 𝑚) is the Jacobi elliptic function [18].
On the other hand, solutions to differential equations can be found by numerical
methods such as the Dormand–Prince [19,20] that can solve problems of initial value
from (5).
𝑦(𝑛+1) = 𝑦𝑛 + ℎ ∑𝑠𝑖=1 𝑏𝑖 𝑘𝑖
1.1

(5)

Problem of research

This document discusses the problem of teaching the pendulum movement as a
composite harmonic movement for large angles from the frequency frame of reference. Frequency study is proposed because the study of the pendulum for introductory
courses is usually done in the time domain where waveforms are studied as simple
harmonics given that visually they seem so and that mathematical approximations
demonstrate it in the same way.
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1.2

Research focus

The research focuses on determining the different forms of solution that exist as
reported in a review of the systematic literature, then develops a method of solution
by numerical approximations and finally captures data from a physical system. An
algorithm is developed that allows to visualize the results in the frequency domain for
analysis and comparison finding an important correlation between the results that
would not be possible to analyze with the students of the introductory courses with the
signals in the time domain.

2

Numerical Solutions

Two theoretical solutions have been implemented for the development of this
work. The first is developed by means of the exact solution for the pendulum of the
equation (3). In this procedure the Jacobi elliptic function is found from the routine of
Matlab® as in Figure 1.

Fig. 1. Algorithm to calculate the Jacobi elliptic functions

The second solution has been proposed by numerical methods using the Matlab®
ODE45 package with which the second-degree differential equation has been solved
and the solution has been obtained in time for the displacement of the pendulum.
The parameters that have been used for the solution are presented in Table 1
Table 1. Parameters used for solution.
Parameter
𝑙
𝜃0
𝑡
Δ𝑡
𝑔
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Value
0,8𝑚
𝜋/2 𝑟𝑎𝑑
9𝑠
0,01𝑠
9,8𝑚/𝑠 2
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For the presentation of the results the Fast Fourier Transform is used [21], in this
way it is possible to observe the results in the frequency domain since the variations
in the time domain are not perceptible in the graphs found. Single-Sided Amplitude
Spectrum is presented.
Fuourier's discrete transform is defined by (6):
(𝑗 − 1)(𝑘 − 1)

𝑌(𝑘) = ∑𝑛𝑗=1 𝑋(𝑗)𝑊𝑛

3

(6)

Experimental Implementation

For the capture of experimental data, a prototype of a pendulum used as a didactic
tool in wave physics laboratories has been implemented [21]. The prototype is presented in the Fig. 2.

Fig. 2. Experimental prototype developed for physics didactics

The prototype is implemented in a heavy support to fix it in flat surfaces to which a
fixed spinner is stuck, from its central axis the bar of despicable mass is fixed and at
the end a support for the mobile device own of the student. Data is captured in real
time through the application phyphox [22].

4

Results

In Figure 3 the signals obtained as a function of time are displayed. In the signal
obtained with the numerical method is observed that there is an increase in the period
of the signal, this increase is because the calculation by the method Dormand-Prince
generates a delay to take previous steps to generate subsequent steps.
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Fig. 3. Experimental prototype developed for physics didactics

Figure 4 shows the frequency analysis of the three signals presented in Figure 3.

Fig. 4. Time signals

The theoretical period of the system is given by (7) [23].
𝑃=

2𝑃0
2

π/2

∫0

𝑑𝜃
√1−𝑘 2 sin2 𝜃

= 1,8351

(7)

𝑙

where 𝑃0 = 2𝜋√ is the period with small angles. With the above result the fun𝑔

damental frequency is 𝑓 = 0,5449𝐻𝑧.
In Figure 5 zoom in amplitude to the signals in the frequency to see the 3th harmonic for the three solution cases.
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Fig. 5. Comparison of the 3rd harmonic

Figure 6 shows the zoom for the 5th harmonic, the exact solution by the Jacobi Elliptic Function due to the continuous amplitude shows the harmonic in a very reduced
form. The experimental measurement shows the highest relative amplitude of the 5th
harmonic. Also observed in the numerical solution are the 7th, 9th, and other odd
harmonics that are also in the experimental result that are masked by the noise in the
signal.

Fig. 6. Comparison of the 5rd harmonic

Frequency components can be shown in the signal by means of the expansion in
𝜃
Taylor series of the function sin 0 as (8) [13].
2

sin
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2
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In Figure 7 Frequency components are shown in bar format for better comparison.

Fig. 7. Bar graph of the first harmonics in three signals

5

Discussion

From the results it can be found that for larger angles the analysis of the signal as a
pure periodic signal is not intuitive, this is because other components of low amplitude appear that are not perceptible in the periodic wave. From the frequency analysis
it was possible to verify that there are harmonics, which for the analyzed case, corresponds to the 3th that appears both in the two mathematical solutions and in the experimental data that can be observed in detail in Fig. 5. There are also odd harmonics
of higher frequency that can be demonstrated with the solution of the equation in
Taylor series [24]. Analysis in the frequency domain allows a deeper understanding of
the phenomenon of pendulum displacement as a harmonic system composed of different odd frequencies. The results show that the graphic analysis in time domain is
not suitable to detect the variations in waves, in the other hand, with the frequency
analysis students can observe how as the angle of displacement increases, in the frequency appear new harmonic components in wave.

6

Conclusion

The study of physics requires an important abstraction and association of the physical phenomenon with the mathematical formulation that describes it. This description
is usually strong in formalisms and deep concepts of mathematics that require long
and complex developments for students of introductory courses in physics. In order to
simplify the developments, approximations are usually made in developments such as
the case of the pendulum for small angles as a simple harmonic movement given its
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similarity with the uniform circular movement. However, approximations can induce
students to conceptual errors or to consider that the physical phenomenon always has
the same behavior under all conditions leading to not associating the phenomenon
correctly with the mathematical formulation.
Based on the above, it is extremely necessary to look for other tools that allow a
better understanding of the phenomenon and for undulatory phenomena, analysis in
the frequency can be a very good visual approximation to the deep reality of the phenomenon analyzed.
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